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1 Introduction

Annuities and life insurance insure the same event from opposite sides. An annuity pays
if the household survives. Life insurance pays if the household dies. In the data these two
markets differ greatly. Private annuity holdings are small. Hosseini (2015), Pashchenko
(2013), and Johnson et al. (2004) report that only a small fraction of retirees hold private
annuities in their own names in the United States. At the same time, life insurance is a
very large market. Cawley and Philipson (1999) describe it as the largest private insurance
market. According to American Council of Life Insurers (2024), total life insurance in force
in the United States was $22.2 trillion at year-end 2023, and more than 134 million individual
life insurance policies were in force. A theory of insurance with private information about

mortality should account for both facts.

There is also evidence that private annuity markets are subject to selection. Friedman and
Warshawsky (1990) and Mitchell et al. (1999) show that private annuities are priced at rates
above those implied by average population mortality. Finkelstein and Poterba (2004) find
evidence consistent with adverse selection in the U.K. annuity market. These findings suggest
a simple question. If mortality risk is privately known, and if households care both about
consumption in old age and resources left to heirs, what structure should private insurance

markets take?

This paper studies a two-period economy in which households know their own survival prob-
abilities. They value consumption if alive in period 2 and bequests if not. They can buy
annuities, buy life insurance, and save. Insurance is provided through competitive pools.
Social Security taxes households in period 1 and pays benefits to survivors in period 2. The
central question is how private mortality information shapes the joint equilibrium of annuity

and life insurance markets, and how that equilibrium changes with public annuitization.

The paper has two related objectives. The first is to characterize competitive equilibrium
when annuity and life insurance contracts are traded jointly under nonexclusive contracting
and private information about mortality. The second is to study how public annuitiza-
tion changes equilibrium participation, pooling prices, and the identity of the active private
market. The paper is therefore primarily a theory contribution. Its numerical section is de-
signed to illustrate the mechanism and the sign of the comparative statics in a transparent

calibration, not to provide a full empirical evaluation of the model.

The paper makes three contributions. First, it shows that competitive equilibrium exists in a
market with annuities, life insurance, nonexclusive trade, and private mortality information.
Second, it establishes a sharp market-structure result: at most one private insurance market

is active in equilibrium. If annuities trade, life insurance does not. If life insurance trades,



annuities do not. Third, it studies how Social Security changes equilibrium selection and
prices. Larger Social Security benefits reduce private annuity demand, raise annuity prices,
and shift activity toward life insurance. These results follow from the interaction of private

information, bequest motives, and nonexclusive contracting.

The “one active market” result is the central implication of the model. In the data the contrast
between a thin annuity market and a very large life-insurance market is not absolute, but
it is pronounced. The model offers a simple account of this asymmetry. Households with
higher survival probabilities are willing to pay more for annuities. Households with lower
survival probabilities are willing to pay more for life insurance. Once prices reflect the
composition of each pool, however, only one private market remains open in equilibrium.
Public annuitization then matters not only because it changes the amount of private annuity

trade, but because it changes which private insurance market can operate.

The nonexclusive-contracting assumption is simple. Insurers observe the contracts they
sell, but not the household’s entire portfolio. They cannot condition terms on other trades.
Households can buy but not short either insurance contract. With these restrictions, insurers
face the composition of each pool as a market object rather than a contractual choice variable.

This is the setting in which equilibrium exists and can be characterized.

The policy problem enters naturally because Social Security is a publicly provided annuity.
In the model, a larger Social Security program lowers the demand for private annuities. This
is partly a direct substitution effect. It is also a selection effect. Lower-survival households
leave the annuity pool first, and this raises the annuity price faced by those who remain.
The same policy increases the relative attractiveness of life insurance by making the survival
state better insured. The paper also characterizes an ex ante efficient allocation and the

tax-transfer rule that implements it.

The paper is related to several strands of literature. Yaari (1965) provides the classic bench-
mark for annuitization. Work on annuity markets with adverse selection includes Abel
(1986), Friedman and Warshawsky (1990), Mitchell et al. (1999), and Finkelstein and Poterba
(2004). Davidoff et al. (2005) study the welfare value of annuities, and Pashchenko (2013)
studies the low rate of private annuitization. Relative to that literature, the present pa-
per focuses on joint market structure rather than on the pricing or welfare properties of an

annuity market in isolation.

The paper is also related to work linking Social Security and annuity markets. Walliser (2000)
studies adverse selection in annuity markets and the effects of Social Security privatization.
Hosseini (2015) conducts a quantitative welfare analysis of Social Security in an annuity
market with adverse selection. Villeneuve (2003) and Hong and Rios-Rull (2007) study



pensions together with private insurance markets, including life insurance and annuities.
The present paper differs from this literature in the object it characterizes. The focus here
is the competitive equilibrium of a nonexclusive insurance market with private mortality
information. In this setting equilibrium exists, pooling prices are determined jointly with
household participation, and the main theorem shows that at most one private insurance
market is active. The comparative statics then describe how public annuitization shifts the

economy across these market structures.

The observation that insurers cannot monitor a household’s overall insurance position—so
that coverage is effectively nonexclusive and full insurance need not obtain in equilibrium—
goes back to Pauly (1974). Building on this insight, the paper uses the competitive framework
for nonexclusive trade developed in Bisin and Gottardi (1999), Bisin and Gottardi (2003),
Dubey and Geanakoplos (2002), and Attar et al. (2014). The present paper combines these
elements in a model with both annuity and life insurance trade and uses the model to char-
acterize the structure of equilibrium insurance markets. To my knowledge, this combination
of joint annuity and life-insurance trade, nonexclusive contracting, private mortality infor-
mation, and public annuitization has not been used to characterize which private market is

active in equilibrium.

Section 2 describes the economy and defines equilibrium. Section 3 derives the main equi-
librium properties and proves existence. Section 4 studies Social Security, prices, and policy.

Section 5 discusses the interpretation and scope of the results, and Section 6 concludes.

2 The Economy

There is a two-period economy with one consumption good. The good can be consumed in
period 1, consumed in period 2, or left as a bequest. Households differ in their probability
of surviving to period 2. A household of type 7 € [r, 7| survives with probability 7. Types
are distributed according to p. There is a continuum of households and a competitive fringe

of intermediaries.

Information. There is no aggregate uncertainty. Lifetime risk is idiosyncratic. A household
knows its own survival probability at the beginning of period 1, before trade takes place. The
distribution of types is common knowledge, but type itself is private information. Survival

or death in period 2 is publicly observed.

Consumers. Each household is endowed with e units of the consumption good in period

1.! Preferences are defined over first period consumption, ¢, second period consumption (if

!'Endowing households also in period 2, conditional on surviving, would not change the analysis; the
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they are alive in the second period), ¢z, and the bequest left if they die, b.% Lifetime expected
utility is
u(cr) + prU(c2) + B(1 — m)v(b)

where u, U, and v satisfy the following assumption.

Assumption 1 u(-) , U(-) and v(-) are twice continuously differentiable, strictly increasing,

strictly concave and satisfy INADA conditions (lim._,ou'(c) = 0o, etc).

Households discount period-2 utility at rate 0 < § < 1.

Contracts. There are two insurance contracts. One unit of annuity pays one unit of the
consumption good if the household is alive in period 2. One unit of life insurance pays one
unit if the household dies®. Households can buy, but not short, either contract. Buying a
contract is equivalent to buying a share in an insurance pool. Contributions are made in

period 1 and payouts are state contingent in period 2.

Technology. There is a risk-free saving technology with gross return A > 1 available to all

agents.

Intermediaries. Intermediaries operate annuity and life-insurance pools. Given expected
per-capita contributions and payouts in each pool, an intermediary chooses pool size. Con-
tributions received in period 1 are invested in the saving technology.

Prices and Nonexclusive Trade. Annuity and life-insurance contracts trade at prices
p® and p'. Intermediaries observe the contracts they sell, but they do not observe the
household’s full portfolio or other trades. Contract terms therefore cannot be conditioned
on total insurance holdings or asset positions. All households face the same market price for
a given contract, independent of purchase volume or portfolio composition.

Contracts are linear: one unit of annuity or life insurance is purchased at a constant unit
price. The model takes this contract form as given through the pooling structure rather than

deriving it from a richer strategic model of insurer competition.*

reason is discussed in Section 5.

2Households who survive to period 2 consume ¢y and leave no bequest. In a two-period model this is not
a separate restriction but a consequence of period 2 being terminal: a survivor has no subsequent period in
which to die, so survival-state resources are simply consumed. Letting survivors also value a bequest would
amount to redefining U(-) as a value function over the division of survival-state wealth between consumption
and a bequest; this rescales survival-state marginal utility but leaves the sorting and pricing arguments
unchanged, since those turn only on the mortality-contingent claims.

3In the background, the payment in the death state accrues to heirs, who are not modeled explicitly.

4Ales and Maziero (2016) and Attar et al. (2014) show that almost linear contracts can emerge under
nonexclusive trade in static settings. Cawley and Philipson (1999) provide evidence of approximately linear
prices in life insurance, and Cannon and Tonks (2008) and Finkelstein and Poterba (2004) discuss linear
pricing in annuity markets.



Social Security. Social Security taxes households at rate 7 in period 1 and pays a lump-sum
transfer to survivors in period 2. It is therefore a publicly provided annuity. The government

transfers Social Security receipts across periods using the same saving technology.
Given prices (p?, p') and policy (7,T), a household of type 7 chooses annuity holdings a, life-
insurance holdings [, saving s, and consumption-bequest allocations (c1, c2,b). The house-

hold’s problem is

max u(cr) + U (c2) + (1 — m)Bu(b) (1)
C1,C2,0,a,t,S
subject to
o +platpl+s < e(l—7)
o < As+a+T
b < As+1
0176271)70’717‘9 Z 0

where 7" is the Social Security transfer.

Following Bisin and Gottardi (2003) and Dubey and Geanakoplos (2002), intermediaries
take expected per-capita contributions and payouts as given and choose pool size.” Let R®
and Q% denote per-capita contributions and payouts in the annuity pool, and let R and Q'
denote the corresponding objects for life insurance. The intermediary chooses the fraction

of the population that can join each pool, n® and n'.

max n*R*+n'R' — k (2)
0<ne nt<1,keRy

subject to
naQa_l_lel S Ak
Since intermediaries are identical and the technology is constant returns to scale, there is

no loss in treating them as a representative competitive fringe. In equilibrium, expected

contributions and payouts must be consistent with household behavior and market prices.

Definition 1 A Competitive Equilibrium with Asymmetric Information consists of house-

hold allocations
{ei(m), cy(m), 0% (), a*(m), 1" (), s°(7) }refma)s

intermediary choices {(n/*)j=a,, k*}, contract prices (p™,p"™), anticipated contributions and

payouts in each pool {(R7*, Q™) ;—a.}, and Social Security policy (1,T) such that

SRelative to Dubey and Geanakoplos (2002), pools here are identical and participation is nonexclusive.



1. Household optimization: for each 7 € [m, 7],

{ci(m), e3(m), 0% (m), a" (), " (), 57 (7) }
solves (1) at prices (p**, p*) and policy (1,T).
2. Intermediary optimization: given (R*, Q7*);—.,, the choices {(n?*)j—a., k*} solve (2).

3. {(RI*, Q) j—as} satisfy the following consistency conditions:

R = / " pat (m)du(m) (3)

Rl* — /Wpl*l*(ﬂ')dﬂ(ﬂ')

and

4. Social Security budget:

(where E[r] = f: mdu(m) )

5. Contract markets clear:

6. Goods market clears:

T

[ st + 1= mp i) = 4 (e~ [ itmantn)

3 Equilibrium Properties and Existence

3.1 Full Information Economy

This section derives the paper’s main equilibrium results. I begin with a full-information

benchmark, where each household faces actuarially fair annuity and life-insurance prices.



The benchmark isolates the sign of net annuity demand. I then turn to the asymmetric-
information economy, characterize individual demand, prove existence, and show that at

most one private insurance market is active.

Under full information, type is public and insurance pools are type-specific. Each consumer

of type 7 therefore faces fair prices, p*(7) = % and p'(7) = 1_7“. The consumer’s problem is

max u(cy) + wBU(ca) + (1 — m)Bv(b)

c1,¢2,b,a,l,s

subject to
P Sl S g
c1 Aa 1 s < e T
g < As+a+T
b < As+1
01702,b7(l,l78 Z 0

It is a straight forward application of maximum theorem to show that solutions of the above
problem are continuous functions of 7. Solution to this problem is characterized by the

following first order conditions

u,(cl (W)) / /
a5 U (c2(m)) = v'(b(m)) (5)

if a(m) > 0 and {(7) > 0 and
U’(Cl(ﬂ')) > U/(C2<7T)) and U’(Cl(ﬂ')) _ U/(b) (6)

if a(m) = s(m) =0.°

In both cases the sign of a(7) —I(7) , which I call net annuity purchase, has a special property

Proposition 1 In any full-information equilibrium, net annuity purchase has the same sign
for all types. That is, if a(w)—1(m) is positive, negative, or zero for one type, it has the same

sign for every w € [, 7.

Proof sketch. If one type chooses zero net annuity, the resulting allocation can be replicated
by every type because the full-information budget equations no longer depend on survival
probability. Continuity then rules out an equilibrium in which net annuity demand changes

sign across types. The full proof is in the Appendix proof of Proposition 1.

6Because of INADA condition on v (+), s and [ cannot be both equal to zero.



This proposition gives the key full-information benchmark: net annuity demand has the
same sign for all types. The next proposition shows that Social Security shifts this sign
in a simple way. There is a critical policy level at which households are exactly indifferent
between annuity and life-insurance positions. Below it, net annuity demand is positive for

all types. Above it, net annuity demand is negative for all types.

Proposition 2 In the full-information economy there exists a Social Security tax 7 such
that all types choose positive net annuity for T < 7%, all types choose negative net annuity

for T > 1, and all types choose zero net annuity at T = 7*.

Proof sketch. Construct the policy that finances the allocation associated with the average
survival probability. At that policy, net annuity demand is exactly zero. Moving the tax
below or above this point lowers or raises public annuitization, so the average type switches
from positive to negative net annuity demand. The previous proposition then extends the

sign to all types. The full proof is in the Appendix proof of Proposition 2.

The same cutoff policy will reappear in the asymmetric-information economy. It separates an
annuity region from a life-insurance region and later serves as the policy level that implements

the efficient allocation.

3.2 Asymmetric Information Economy

I now turn to the competitive economy with private information. The first task is to charac-
terize equilibrium prices and household demand. The second is to show that these objects fit
together in a fixed point. When intermediaries have correct expectations about contributions
and payouts, equilibrium prices satisfy

A [ atwdntr) = [ mamnm 7)

and _ _

af [ imydutr) = [0 = wimdutn )

s

Note however that when f: a(m)du(m) =0 or fj [(m)du(m) = 0 the price is indeterminate by
these equations. In other words any price will satisfy these equation when aggregate demand
for insurance is zero (since we get zero on both sides of the equations). For now, in such

cases I choose the prices to be the following

whenever /ﬂa(ﬂ)du(w) =0 9)

a

p:

S

9



and _

P = A_ whenever / [(m)dp(r) =0

Later (in the proof of existence) I will justify this selection and show that they are in fact

consistent with equilibrium behavior of consumers.

The next lemma is a sorting result that will be used repeatedly. It shows that when higher-
risk households buy more insurance, the equilibrium price of that contract exceeds the price

implied by average population risk.

Lemma 1 Consider a function f on [x, 7| such that f(m) § O0asm § ™ and f; f(m)dp(r) =

0. Let g(m) be an increasing function with g(7) > g(x). Then f: f(m)g(m)du(m) >0

Proof. Since f changes sign once and sums to zero, applying the larger weights from ¢ to
the upper end of the type distribution tilts the integral toward the positive part. The full

derivation is in the Appendix proof of Lemma 1.

I now characterize consumer behavior. The first step is to show that equilibrium prices must
satisfy A(p® + p') > 1. This inequality implies that a household never wants to hold both

annuity and life-insurance positions at the same time.
Lemma 2 Any equilibrium price vector satisfies A(p® + p') > 1.

Proof sketch. 1f A(p® + p') < 1, a household can dominate saving by combining annuity
and life-insurance positions. Once types sort into the two pools, annuity buyers are selected
toward high survival types and life-insurance buyers toward low survival types, so both prices
must rise above their population-average values. That contradicts A(p® + p') < 1. The full

proof is in the Appendix proof of Lemma 2.

The above lemma restrict equilibrium prices to be A(p® + p!) > 1. The next lemma shows

that the equality (A(p® + p') = 1) is also incompatible with any equilibrium.
Lemma 3 No equilibrium can satisfy A(p® + p') = 1.

Proof sketch. At equality, households are exactly indifferent at the margin between annuity;,
life-insurance, and saving positions. But the same sorting argument still implies net annuity
demand rises with survival probability. The pricing equations then force both contracts to
trade at prices above their population-average values, which is incompatible with equality.

The full proof is in the Appendix proof of Lemma 3.

10



So far I have established that any equilibrium price must satisfy the following inequality
Al(p* +p') > 1 (10)

Next, I will focus on characterizing the consumer behavior under the admissible prices that
satisfy inequality (10). An important implication of this property is that purchasing both
annuity and life insurance is more expensive than saving. Therefore, each consumer prefers
to purchase at most one of them (and possibly hold some savings). This is formally shown

in the next lemma.

Lemma 4 For any prices with A(p® +p') > 1 (and not just the the equilibrium prices) and

any tazx and transfer (1,7T)

1. Consumer choices, {ci(m), ca(m),b(m),a(n),l(7),s(m)} are continuous in w
2. a(m) is weakly increasing in m and l(7) is weakly decreasing in 7

3. There are cutoff survival probabilities w, and T such that ™, > 7, and

if m™<m consumer purchases life insurance and not annuity
if welm,m, consumer is not insured

if ™>m, consumer purchases annuity and not life insurance

(Note that this allows for the possibility that T < m or w, > T or both.)

Proof sketch. Continuity comes from the household problem. The price inequality makes it
too costly to combine annuities and life insurance, so each type chooses at most one of them.
Since higher survival types value annuities more and lower survival types value life insurance
more, demand sorts monotonically and yields cutoff types separating the three regions. The

full proof is in the Appendix proof of Lemma 4.

The previous lemma delivers the basic demand structure. At any admissible price vector,
households sort into three groups: life-insurance buyers, self-insurers, and annuity buyers.
The cutoffs m, and 7; determine both participation and the composition of risk in each pool.
This is the channel through which selection enters equilibrium prices.

The cutoffs are the types indifferent between insurance and self-insurance. Because indi-
vidual demand is continuous, the cutoffs are continuous in prices. This continuity makes it
possible to formulate the equilibrium problem as a fixed point in prices. The next proposition

establishes existence.

11



Proposition 3 A competitive equilibrium exists.

Proof sketch. Use the cutoff structure to define price-updating functions for annuities and
life insurance. Short-sale restrictions keep these maps well behaved even when one market
is inactive. Because they are continuous and map a compact set into itself, Brouwer’s
fixed-point theorem yields equilibrium prices. The full proof is in the Appendix proof of
Proposition 3.

The short-sale restrictions on annuity and life-insurance holdings are important for this
existence result. If households could both buy and short the same contract, a single linear
price would generally not be sufficient to clear the market under adverse selection. The
restriction separates households from intermediaries and keeps the pooling problem one-

dimensional.”

As Bisin and Gottardi (1999) emphasize, the underlying difficulty is that under asymmetric
information the same contract is a different commodity for different types. Households value
a contract differently, and their choices affect its return. Aggregate returns are therefore
not linear in aggregate positions. A short-sale restriction separates buyers from sellers and

makes linear pricing feasible in the present environment.

An alternative to ruling out short sales is to permit them but to separate buyers from sellers
through a bid-ask spread, as in Bisin and Gottardi (1999). When the price at which a contract
can be sold falls short of the price at which it can be bought, no type finds it profitable to
take offsetting long and short positions in the same pool, and the price wedge restores the
separation that the short-sale constraint enforces here. Bisin and Gottardi (1999) establish
existence of competitive equilibria with such spreads under asymmetric information. In
a supplemental appendix I analyze this formulation directly, with both annuity and life-
insurance trade, and show that no equilibrium has an operative bid-ask spread: in any
equilibrium each mortality-contingent claim is traded on at most one side, so the bid and
the ask of a given contract are never both pinned down by trade. The reason is the property
of demand that already drives the main result—at fair prices net annuity demand cannot
change sign across types—so the high-survival households who would buy a claim and the
low-survival households who would sell it never trade it at the same time. Every bid-ask
equilibrium therefore coincides with an equilibrium of the buy-only economy studied here,
and the market-structure result is unchanged. In this environment the short-sale restriction

is an expositional device rather than a substantive assumption.

The existence result also contrasts with the nonexistence literature following Rothschild

7If some types held long positions and others held short positions in the same annuity pool, aggregate
contributions could be zero while expected payouts remained strictly positive.
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and Stiglitz (1976). In that literature, insurers offer menus of exclusive contracts and can
profitably attract particular types outside the candidate equilibrium set. Here I rule out

that form of entry by disallowing monitoring and by treating pools as identical.®

Existence does not imply that both private insurance pools are active. An insurance pool
is active if aggregate contributions to that pool are positive. The next theorem is the main

result of the paper: at most one private insurance market is active in equilibrium.

The intuition is simple. Under full information, all types choose net annuity positions of the
same sign. The asymmetric-information economy inherits this property at the types that
face fair prices in active markets. If both annuity and life-insurance markets were active,
one type would face a fair annuity price and choose positive net annuity, while another type
would face a fair life-insurance price and choose negative net annuity. The full-information

benchmark rules this out.
Theorem 1 In any equilibrium, at most one private insurance market is active.

Proof sketch. If the annuity market is active, some type must face a fair annuity price and
therefore choose positive net annuity. If the life-insurance market is also active, another
type must face a fair life-insurance price and therefore choose negative net annuity. The
full-information benchmark rules out such a sign reversal across types. The full proof is in

the Appendix proof of Theorem 1.

4 Policy

4.1 Ex Ante Efficient Allocations

This section records two consequences of the market structure characterized above. The
policy instrument is public annuitization through Social Security. I first characterize the ex
ante efficient allocation and show how the cutoff policy from the full-information benchmark
reappears in the private-information economy. I then study how Social Security changes

private-market prices.

Before discussing policy, it is useful to define the efficient allocation.

Definition 2 An allocation is Fx-ante Pareto Efficient if it is the solution to the following
problem
max E; [ui(cy (7)) + 7Us(ca(m)) + (1 — m)v(b(m))]

8Dubey and Geanakoplos (2002) allow finitely many pools with different capacities and recover similar
instability.
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subject to

E; | (m) + %TFCQ(TF) + %(1 —mb(m)| =e

First order conditions imply that efficient allocations must satisfy

u'(er(m)) = ABU (ca(m)) = A (b(r))

and feasibility

E,; [c(7m) + %ch(ﬂ) + %(1 —m)b(m)| =e

Note that this immediately implies that efficient allocations are constant across types. In this
environment, private information does not distort the planner’s allocation directly; it distorts
the allocation through market prices and participation. This makes the efficient allocation
easy to implement with a tax-transfer policy. The next theorem records this implication of
the model.

Theorem 2 There exists a Social Security tax 7 such that the annuity market is active for
T < T, the life-insurance market is active for T > 7*, and no consumer purchases private

surance at T = 7. This cutoff is the same 7* as in the full-information economy.

Proof sketch. At the cutoff policy, the efficient allocation is feasible for every type and leaves
no role for private insurance. Away from the cutoff, public annuitization is too low or too
high relative to that benchmark, so some type strictly prefers annuities below the cutoff and

life insurance above it. The full proof is in the Appendix proof of Theorem 2.

The economic interpretation is straightforward. Social Security is a substitute for private
annuity income, so higher benefits reduce private annuity demand directly. They also change
pool composition: lower-survival households exit the annuity market first, raising the price
faced by those who remain. At the same time, better insurance in the survival state increases
the relative attractiveness of life insurance. The next proposition states the associated im-

plementation result.

Proposition 4 The Social Security policy (7*,T*) implements the ex-ante efficient alloca-

tion.

Proof. This follows directly from the previous theorem. A full proof is recorded in the

Appendix proof of Proposition 4 for completeness.

14



4.2 Effect of Social Security on Prices

I now turn from participation to prices. In the annuity region, higher Social Security ben-
efits reduce annuity demand for all types, but the reduction is strongest for lower-survival
households. This worsens selection in the annuity pool and raises the annuity price. In the
life-insurance region the same force works in the opposite direction. The next proposition

establishes these comparative statics under homothetic preferences.

Proposition 5 Suppose preferences are homothetic: let u be homothetic, U = au and v =
~yu for some constants a and . Let p™ and p™* be equilibrium annuity and life insurance

prices. Then

aa* al*
gT >0 and 8pT =0 forT<7"
al* Op™*
6]797 <0 and gT =0 forT>r71"

Proof sketch. Under homothetic preferences, insurance demand scales with disposable re-
sources. Higher Social Security reduces annuity demand for all annuity buyers, but especially
for the lower-survival types at the bottom of that pool, worsening selection and raising the
annuity price. Above the cutoff the same logic applies to life insurance with the sign reversed.

The full proof is in the Appendix proof of Proposition 5.

4.3 Observable Implications

The model yields a small set of predictions that connect the equilibrium results to observed
insurance-market outcomes. First, greater public annuitization reduces private annuity par-
ticipation and raises annuity prices in the region where annuities remain active. Second,
once public annuitization is high enough, the active private market shifts from annuities
to life insurance. Third, market composition matters as much as aggregate quantity: the
price of a private mortality-contingent contract depends on which types remain in the pool.
These implications give the model an interpretation of the observed asymmetry between thin

private annuity markets and much larger life-insurance markets.

4.4 Numerical Illustration

To illustrate the mechanism, I calibrate a two-period version of the model using the homo-

thetic structure of Proposition 5. The exercise is a numerical illustration of the equilibrium
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objects emphasized above: active markets, participation cutoffs, and pooling prices. The
calibration uses a gross return of A = 1.03, a discount factor of § = 0.97, and log preferences
with U(c) = log ¢ and v(b) = vlogb. I set v = 0.12. Survival probabilities lie on a 100-point
grid over [0.60,0.99]. Their cross-sectional distribution is taken to be beta, with parameters
chosen to match an average survival probability of 0.80 and a standard deviation of 0.09.
These moments are chosen to produce a dispersed mortality distribution in the spirit of Hos-
seini (2015). The bequest motive and the interpretation of low annuitization are guided by
Pashchenko (2013). For each value of 7, I begin from a price guess, solve household annuity
and life-insurance demands from the first-order conditions and budget constraints, update
the pooling price from the zero-profit condition, and iterate to convergence. The exercise

remains fully within the paper’s two-period environment.

TABLE 1: Baseline Numerical Illustration

T Active market Price Buyer share Cutoff type
0.00 Annuities 0.784 0.996 m, = 0.616
0.05 Annuities 0.799 0.899 m, = 0.679
0.25 None - 0.000 -

0.40 Life insurance 0.356 0.083 = 0.667

The numerical exercise reproduces the qualitative structure of the theory. At low values
of 7, only the annuity market is active. As public annuitization rises, the annuity-buying
pool shrinks from the bottom: lower-survival households leave first, the annuity cutoff rises,
and the equilibrium annuity price increases. Over an intermediate range of 7 there is no
private insurance trade. For higher values of 7, the active private market switches to life
insurance, and the life-insurance pool expands as public annuitization increases further. In
this calibration the switch occurs only for relatively high values of 7, beginning around
7 = 0.40. Figure 1 plots the share of private annuity and life-insurance buyers as Social
Security changes. Figure 2 plots the associated equilibrium prices. The point of the exercise
is to show that the market-switching result and the associated price effects arise for plausible

parameter values in a simple calibration.

5 Discussion

The model is deliberately simple. It has two periods, linear insurance contracts, no aggregate
uncertainty, nonexclusive trade, and short-sale restrictions on insurance holdings. These
assumptions make it possible to characterize equilibrium prices, participation, and market

structure analytically. They also shape the sharpness of the results.
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FIGURE 1: Private Insurance Buyer Shares

Interpreting the two-period structure. In the model, annuities and life insurance are
the two state-contingent claims on a single mortality event: whether the household survives
to period 2. The annuity pays in the survival state and the life-insurance claim pays in the
death state, and because a riskless asset is available, holding both is dominated by saving—
this is the content of A(p® + p') > 1 and the reason no household buys both. At most one

private mortality-contingent market is therefore active in equilibrium.

In practice, life insurance is bought mainly during working life and annuities near or after
retirement. This pattern is not a counterexample to the model; it reflects the life-cycle
profile of the bequest motive and of family structure rather than the two products insuring
different events. The demand for life insurance early in life stems from a strong bequest
motive—when dependents rely on the earner’s income, the resources at risk in the death
state are large—and it falls as those dependents become independent. The life-cycle pattern
of life-insurance demand and its dependence on family structure are documented by Hong
and Rios-Rull (2007), in a model of life insurance and annuities for families with Social Se-
curity, and quantified by Hong and Rios-Rull (2012), who study life insurance and household

consumption over the life cycle.

Holding the strength of the bequest motive fixed, the model addresses a logically prior
question: how a household should insure mortality risk once a bequest motive is present. The
two periods are then naturally read as working life and retirement. Period-1 consumption ¢;

subsumes working-life consumption and provision for dependents—whether through direct
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FIGURE 2: Equilibrium Prices and Public Annuitization

transfers or through life insurance against premature death during working years—which the
model does not resolve; the household then enters retirement facing mortality risk, with 7
interpreted as its longevity in retirement. The choice is between insuring against outliving
one’s assets (the annuity, a survival-state claim) and providing for heirs (life insurance, a
death-state claim). Absent a bequest motive the problem is trivial—full annuitization is
optimal (Yaari, 1965; Davidoff et al., 2005)—and there is nothing to study; it is the bequest
motive that creates the tension between the two claims and makes the selection and market-
structure questions substantive. The death-state claim here is thus the post-retirement

bequest or estate margin of older households, not the term life purchased by young earners.

What the model isolates is the interaction between the two sides of this single contingency
once mortality is private information, contracts are nonexclusive, and a public annuity is
present: facing fair prices, demand for the survival claim and demand for the death claim
cannot have opposite signs across types, so at most one private market clears, and public
annuitization moves the economy between them. This force operates within a mortality con-
tingency and is not visible in frameworks that study the annuity and life-insurance markets
separately or at distinct dates. A richer environment with several mortality events at differ-
ent ages would restore the empirically observed coexistence of life insurance and annuities,
but it would do so by combining single-contingency problems of exactly the kind analyzed
here, and the selection and market-structure force this paper isolates would continue to

operate within each.
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Such a multi-period extension is conceptually straightforward but analytically limited: closed-
form results are available only under restrictive assumptions—an infinite horizon with con-
stant mortality risk, which reduces the environment to a stationary, effectively static problem—
and a realistic life-cycle treatment instead calls for quantitative methods, as in Hosseini
(2015) and Pashchenko (2013). The comparative statics with respect to Social Security
should be read in the same spirit, as statements about the mortality-contingent margin of

the retirement phase, the margin on which public annuitization directly bears.

The same logic shows that endowing households in period 2 as well, conditional on surviving,
would leave the analysis unchanged. A survival-contingent period-2 endowment enters the
period-2 budget constraint exactly as the Social Security transfer 7" does. It is therefore
already subsumed by the model: it raises resources in the survival state, lowers net annuity
demand, and shifts the economy toward life insurance in the same way as greater public

annuitization, leaving the market-structure results unchanged.

The result that at most one private insurance market is active should be read in this way.
The theorem identifies a force that pushes annuities and life insurance apart in equilibrium
when mortality risk is private information and households have access to both contracts.
In the data, private annuities are not literally absent, and life insurance does not exhaust
private insurance activity. The model abstracts from many features that would soften the
prediction, including richer contract menus, underwriting, household heterogeneity beyond

survival risk, and dynamic trading opportunities.

The policy result should be read in the same spirit. In the present environment, efficient
allocations are constant across types, so Social Security can implement them with a simple
tax-transfer rule. That result is useful because it clarifies the interaction between public
annuitization, selection, and private-market activity. It does not imply that optimal policy
would take the same form in richer environments where contracts are nonlinear, insurer
strategies are endogenous, or efficient allocations vary across observable or unobservable

household characteristics.

The numerical illustration should also be read narrowly. Its role is to show that the market-
switching mechanism and the associated price effects arise in a transparent calibration of
the paper’s two-period environment. It is not intended as a structural estimation exercise or
as a direct empirical test of the model’s predictions. A fuller quantitative assessment would

require richer data on mortality beliefs, contract menus, and household portfolio choices.

These considerations suggest two natural extensions. One is to study more general contract
spaces and insurer competition. The other is to embed the mechanism analyzed here in a

quantitative environment, so that the selection effect on private annuity and life-insurance
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markets can be compared with the magnitudes observed in the data.

6 Concluding Remarks

This paper studies a competitive model of annuity and life insurance with private informa-
tion about survival probabilities. Households differ in mortality risk, value both retirement
consumption and bequests, and trade insurance through competitive pools. Social Secu-
rity supplies public annuitization. In this environment equilibrium exists and has a simple

structure: at most one private insurance market is active.

This structure gives the model its main implication. Public annuitization changes not only
the volume of private annuity trade but also the composition of insurance pools and the
identity of the active private market. Higher Social Security benefits reduce annuity demand,
increase annuity prices, and shift the economy toward life insurance. These are equilibrium

effects of selection.

The model also yields an ex ante efficient allocation that can be implemented by a tax-
transfer policy. In the implementing allocation private insurance trade disappears. This
result follows from the fact that efficient allocations are constant across types in the present

environment.

The analysis is based on linear contracts, nonexclusive trade, and short-sale restrictions on
insurance holdings. These assumptions produce a tractable competitive theory of joint an-
nuity and life insurance markets under adverse selection. The numerical illustration shows
that the market-switching mechanism appears in a simple calibration and generates mono-
tone changes in participation and prices as public annuitization rises. Extending the analysis

to richer contract spaces and more explicit insurer strategies would be a useful next step.
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Proofs

Proof of Proposition 1

First I show that if one type chooses a(w) = (), then all types must do so. Suppose type 7
chooses a(m) = I(m). Then the allocation that he chooses must satisfy first order conditions

(5) or (6) together with budget constraint, which after imposing a(7) = I(7) becomes

() + 7 (Um) + As(r) < e(1~7)
ca(m) < Tr+1(m)+ As(m)
b(m) < Il(m)+ As(nm)



Note that these equations do not depend on mw. Therefore, they must hold for all types
7 € o, 7.

Now suppose for some type a(m) — I(7) > 0 and there is some other type such that a(n’) —
[(m") < 0. Then by continuity there must exist a 7 € [z, 7] such that a(7) — [(7) = 0. This

is a contradiction.

Proof of Proposition 2

Consider the allocation that satisfies the following conditions.

u'(cl) = U'(cy) = o'(b")

1 1
¢i + 7Blrlc; + (1~ Ex))b" = e

where E[r] is average survival probability in the economy. Let 7% be such that

1
a+ Zb* =e(l—171")

and therefore, 7% = ¢} — b* = % These allocations can only be achieved by choosing
b* = 1"+ As* and [* = a*. Furthermore, they are independent of type and hence are the
same for every type 7 € [m, ]

The claim is that for tax and transfer (7%, 7*) no consumer purchases any private insurance
and all types choose the same allocation, the ex-ante efficient allocation. This follows because
the starred allocation is independent of type and is the unique allocation that satisfies the

first order conditions and budget constraint of every type.

Now consider the choice of the type 7’ = E[r]. This consumer’s consumption and bequest
are independent of 7 and 7', and always equal the starred allocation defined above. Consider

this type’s budget constraint for 1" < 7™
a(m)—l(n)y=cs—b" =T >c;—b"—T"=0

Since one type purchases positive net annuity, all the types must do so. Now consider the

case where 7' > T™. The budget constraint of type 7’ = E[n] is

“rla(n) + =(1 = W)() + s(@) = e(l—7)

aty 1

cy = T+a(n")+ As(r')
b* = As(n’) +U(n")
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Substituting for s(7’) in the second equation gives

a(m)—l(n)y=cs—b"—T<c;—b"—T"=0

Proof of Lemma 1

| f@gmintn) = [ s@edum) + [ smgmautn

Proof of Lemma 2

Suppose A(p® + p') < 1 and consider the first order conditions of the consumer.

d(e) > TABU(er) + (1 — m)BA/ () (1)
pu'(c)) > wBU' (o) (12)
plu'(cr) > (1—m)pv'(b) (13)

Under these prices s(m) cannot be positive for any type. This follows from the no-arbitrage
condition: setting (11) at equality and adding (12) and (13) yields a contradiction. Therefore
we must have s(7) = 0. Then Assumption 2 implies [(7) = b(7) > 0 for all 7. a(7) can
be either positive of zero. I first show that {(7) is strictly decreasing function of 7 in both

cases. Suppose a(m) = 0, then solution to consumers problem is characterized by

P (er(m)) = B(1 = m)v/ (b(r))

c1(m) +p'b(m) = e(1 —7) and cy(m) =T

Now consider problem of a type " > m. Consider the first order condition for this type at

the ¢(m) and () allocations.
' (er(m) > B(1 — 7' )’ (b(m))

Suppose a(n’) = 0. It is clear that both b(7) and ¢;(7) cannot increase or decrease at the
same time. Then the only way to restore equality is to have ¢, (7") > ¢;(7) and b(7") < b(7).
If a(r') > 0, then co(n’) > co(m). Also, ¢; and b cannot increase at the same time (since

c1 + p'b must decrease). The only possibility that doesn’t have b(n’) < b(r) is the case
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where b(7") > b(m) and ¢(n’) < ¢(7). But this cannot restore equality in first order condition
(which is required for b(7’) > 0). Therefore, the claim is established that b(7) is a strictly

decreasing function of 7. Now consider the price equation (8). We can rewrite it as (since
[(m) = b(m) > 0 for all ) i
A0 Mo

J7 Um)du(r)

Using the result of the previous lemma we can show that Ap! > (1 — E[r]). Now if a(7) =0

for all m, we know that Ap® = 7. If a(m) > 0 for some 7 using similar argument as above
we can show that it must be a strictly increasing function of 7. The argument is as follows.

Consider the choices of type 7

P (ea(m)) = B(L—m) (b))
p™u(c1(m)) = BrU'(co(m))

c1(m) + p'o(n) + pa(r) = e(1 — 1) and cy(n) = T + a(x)

Now suppose 7’ > 7. Evaluate the first order conditions of type 7" at ¢ (7), c2(7) and b(m)

P (ei(m) > B — )W (b(x))
phu'(e(m) < Br'U(ca(r))

and note that ¢, (7)+p'b(r)+pa(r) = e(1—7). The only possible way to restore the equality
without violating budget constraint is to have cy(7') > co(m) (and therefore a(n') > a(m)),
c1(m") < ¢y(m) and b(7’") < b(w). Again, applying the previous lemma to equation (7) we can
show that Ap® > E[r]. In both cases we get A(p® +p') > 1. A contradiction.

Proof of Lemma 3

Again consider the consumer problem, substituting for a(7) and I(7) in the budget constraint:

P (ei(m)) = B(L—m)o'(b(m))
pu'(er(m)) = Bl (ca(n))

c1(m) 4+ pei(n) +p'b(n) = e(1 — 7) + p°T

Note also that when prices are such that A(p® + p') = 1 the first order conditions hold with

equality and portfolio composition of consumer is indeterminate (consumer is indifferent
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between any combination of a, [ and s). First I show that cy(7) (respectively b(7)) is strictly
increasing (respectively decreasing) in 7. The argument is the same as in the previous lemma.

Consider the first order condition of type m

P (ei(m)) = B(L—m)o'(b(m))
pu'(cr(m)) = BrU(ca(n))

now suppose 7’ > 7 and evaluate this types first order condition at ¢;(7), co(m) and b(m)

P (ei(m)) > AL —a")' (b))
piu'(ei(m)) < Br'U'(ca(m))

then the only way to restore equality without violating budget constraint is to have ¢;(7') <
c1(m), co(m") > co(m) and b(n’) < b(w). This also implies that net annuity purchase, a(m) —
l(m) = co(m) — b(w) — T, is strictly increasing,.

Next step is to show that f:(a(ﬂ) — I(m))dpu(m) # 0. Suppose otherwise. Since a(m) — I(7)
is monotone and continuous, there must exist a 7 such that a(m*) — l(7*) = 0. Now recall

pricing equations (7) and (8) and replace Ap! =1 — Ap®

A [ atwydu(m) = [ malw)du(r)

s

(- [ " i) dpu(r) = / "1 = m)l(m)du(m)

Adding the above equations gives

™

Ap* / (al(m) — 1(m))dpu(r) = / w(a(m) — 1(m))dpu(r) > 0

s

where the last inequality follows from the previous lemma. This is a contradiction. Therefore,

fg(a(ﬂ) — I(m))du(m) # 0. Now consider the same pricing equations as above

[ wa(m) — 1)) dpu()
Ap® = — T
= et — i)

Similarly we can show that Ap' > 1 — E[rn]. This is a contradiction with A(p" + p!) = 1.
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Proof of Lemma 4

Proof of 1) The first part is a direct application of the Maximum Theorem.

Proof of 2) For the second part first note that the assumption on prices that holdings of
annuity and life insurance cannot be positive at the same time: adding the first order con-
ditions for @ and [ and comparing the result with the first order condition for savings yields
a contradiction. So each consumer either buys annuity or life insurance or none of them.
Suppose that a(m) > 0 and consider a(n’) where 7’ < 7. Note that as I just argued, this
implies {(m) = 0. Then either a(n") = 0, in which case the proof is done, or a(7’) > 0 (and
hence [(7") = 0). When [(7) and (I(7’)) are zero, by the INADA condition s(7) = b(7) (and

s(m’) = b(7")) has to be positive. First order conditions for 7 are

u'(ci(m) = mABU (ca(m)) + (1 — m)BAV (b())
paul(cl(ﬂ)) = WBU/(Cz(W))
P (e(m) > (1—m)Bv'(b(r))

From top two equations we get

pu(ci(m)) = PrU (ea(m))
(1= Ap")u'(er(m)) = (1 —m)v'(b(m))

Also the budget constraint must be satisfied for all types (hence I suppress the 7 argument)
o+ plea+(1—Ap)b=e(l—71)+p*T

Now consider type ' < 7 and evaluate its first order conditions at the allocations chosen by

type m:

Pile) > BT (e)
(1—Ap")u/(c1) < (1 —7")'(b)

The only allocations that restore equality in these equations and remain consistent with the

budget constraint must satisfy

ci(r') > er(m), ea(n') < co(m), b(x'") > b(m)
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Note that b = s for both type 7 and 7’ immediately implies that we must have a(7w) > a(7’),

since

a(m) = co(m) = b(m) = T > co(n") = b(7') = T = a(n")

A similar argument can be used to prove [(7) is decreasing in 7.

Proof of 3) Restriction on prices (inequality (10)) implies that consumers of each type do
not demand annuity and life insurance at the same time. For m = 0 there is no demand
for annuity, a(0) = 0. If a(1) = 0 the claim is established, otherwise the existence of m, is
established by continuity (and monotonicity) of a(r). The existence of 7, is also similar. We
only need to prove that 7, > 7;. Let \(mw) and A!(7) be the multipliers on non-negativity
constraints for a(m) and I(7) in consumer’s problem. Then A* and ' are also continuous
functions of m. A\*(7) = 0 for all # > 7, and A\*(7) > 0 for all 7 < m,. By continuity then we
must have \%(xw,) = 0. That is consumer of type 7, is indifferent between buying annuity or
not. Similarly, it must be true that \'(7;) = 0. If, =, = 7, then \%(x,) = M(7;) = 0. This
means that first order conditions for a and [ must hold with equality. But I argued in the
proof of second part that this cannot happen when prices satisfy inequality (10). Therefore,
we must have 7, > 7; (note that m, < 7; is already ruled out by the fact that each consumer

-at most- buys only one type of insurance).

Proof of Proposition 3

We need to prove that there are prices p** and p™* that solve the equations (7) and (8). The
strategy is to write these equations as a fixed point problem and use the Brouwer’s Fized

Point Theorem to prove the existence of equilibrium prices. Define the following functions

f;a(Pa,pl) ma(m;p® ,pl)d,u(ﬂ—)
ha(paapl) = l?fga(paypl)a(ﬂ—;paypl)dp,(ﬂ-)
% lf Ea(paupl> =

3

if m,(p%p') <

3

and l
ST (1) (mipe ! dpa()

hi(p®,p') = A [P0 (i ()

(lzl) lf ,ﬁ.l<pa’pl> =

if m(p*,p') >m

a

Where 7,(p?, p') and m,(p% p') are cut-off probabilities in consumer’s problem at prices

@ p) solves the following system of equations

(p®,p'). First note that ,(p
u'(e(l1—=7)—¢qs) = TABU(Tr+3)+ (1 —m)ABV(S)
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pu(e(l =) —g3) = FBu!(Tr+3)

Where the unknowns are 7 and s, the cut-off probability and optimal holding of risk free
security at the cut-off probability (for given prices). It is clear that ,(p®, p') is a continuous
function of prices (direct application of implicit function theorem to the above equations).

The same is true for 7;(p®, p').

Now define the fixed point function
H(p",p') = (ha(p®,0"), (0", 1"))
And note that © < Ahy(p%,p') <7 and 1 — 7 < Aly(p%,p') <1 — 7.

The claim is that function H(p®,p') has a fixed point in [%E, %ﬁ] X [%(1 —7), %(1 —7)]. Ag-
gregate demand for annuity and life insurance are continuous in prices for standard reasons.
We only need to prove the continuity of H(p®,p') at those prices such that m (p?, p') = 7 or

7(p?, p') =  (where aggregate demand is zero).

Suppose = (p?,p') be a vector of price such that 7, (§) = 7. Take a sequence p, converging
to p and notice that
T > Ahy(pn) > 7,(Pn)

Now take the limit p, — p and by continuity of 7, (p) we get lim,, 5 7, (p,) = 7 and therefore
Alimy, 5h.(pn) = T and h,(p,) is continuous. The same is true for h;(p) and by Brouwer’s
Fized Point Theorem there is a vector of prices (p™*, p™) € [4m, 47 x [(1 —7), L(1 — 7))

such that H(p**, p'*) = (p**, p'*). This establishes the existence of equilibrium.

Proof of Theorem 1

Suppose that annuity market is active, i.e, f: a(m)du(m) # 0 Then from the equation (7) we
have

7> Ap™ > @,

9If 5 turns out to be negative, we can set it equal zero and then 7 is just the solution to the second
equation with § =0

29



and therefore, there is a type m = Ap®* that faces fair annuity price. All consumers of this

type can achieve full insurance and their allocation satisfy

uwmw:gw@wwh——Twww

together with the following budget constraint (which is derived by replacing for a(r)

er(m) + P (ea(m) — T) + (5 — P () = (1~ 7)

These equations are simplified to
u'(er(m)) = ABU'(ea(m)) = ABv'(b(r))

7T (1—m)
c(m) + Z(CQ(W) -T)+ 1

and since the annuity purchase by this type is positive we have [(7) = 0 and b(7) = s(m)

b(m) =e(l —71)

and

co(m) = Tr —b(r) =a(m) >0

Now suppose to the contrary that the market for life insurance is also active. Then
l—a>Ap*>1-m

and there is a type 7 = 1—Ap"* < 7 that faces fair life insurance price and chooses allocations
that satisfy
(7)) = ABU'(ca(7)) = APV (b(7))
. T _ 1—7
e #) + = (ea() - 1) + LT

and since the consumers of this type purchases life insurance we have a(7) = 0 and c(7) =
T + As(m). Also b(7) = (%) + As(7). By subtracting these two we get

b(m)=e(l—1)

eo(7) — T — b(7) = —1(7) < 0

But recall from the earlier lemma that when consumers are facing fair prices they choose
either positive net annuity or negative (or zero). Here, consumer type 7 faces fair annuity
prices and chooses positive (net) annuity purchase. At the same time consumer type 7 faces
fair life insurance prices and chooses positive life insurance (negative net annuity) purchase.

As shown in the earlier lemma, this is a contradiction.
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Proof of Theorem 2

Consider the cutoff 7* constructed from the ex ante efficient allocation. The claim is that
every consumer then chooses the efficient allocation and purchases no private insurance. By
construction, these allocations satisfy every type’s budget constraint since 7* is such that

1 *

o +Zb =(1—-1"e

and
T =c5— b

and ¢ =[* =0 and s* = %b*, where starred allocations are efficient allocations. It remains
to show that these allocations are optimal for all types. Suppose otherwise. Suppose a
positive measure of types purchase annuities (and by the market-structure theorem no life
insurance) and therefore the price of annuity is # > Ap® > w. Then there must be a type
m = Ap® that faces a fair price. This type chooses the starred allocation, since it satisfies
that type’s budget constraint and first order conditions. But this implies that all types with
lower survival probability than 7 = Ap® would also choose zero annuity purchases. This
1

in turn implies that the market price must be higher than 37, a contradiction. Therefore

annuity purchase must be zero for all and Ap® = 7. Similarly it can be shown that there is

%

no activity in life insurance market and 1 — Ap™ = 7.

For 7 < 7*, there is one type that faces fair prices (this type can be 7). As shown above, a
consumer facing fair prices in this case chooses positive net annuity purchase. This means
that this type will choose positive annuity (and zero life insurance). If this type’s survival
probability is 7, then by continuity of a(7) there exists a neighborhood around 7 such that
demand for annuity is positive. But this implies that the type that faces fair price must be
lower than 7. If this type’s survival probability is strictly less than 7, the claim is established
and annuity market is active. Then argument can be used to show that for 7 > 7* the life

insurance market is active.

Proof of Proposition 4

The proof is immediate by construction of 7*.
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Proof of Proposition 5

Suppose 7 < 7*. Then we know there will be no demand for life insurance and p”* = % — .

Therefore aaLi* = 0. Now consider the consumer problem (and we know [(7) = 0)

max u(cy) + frU(cy) + B(1 — 7)v(b)

subject to
c+plat+s < e(l—1)
o < T+a+ As
b < As

replace for a and s in budget constraint and we get
a 1 a a
Cl—l—p CQ—I— (Z—p)bg (1—7‘)6—|—p T
Then because of homotheticity the solution will have the following form (if 7 > x,)

c = ¢u(p*,m)((1—7)e+pT)
¢z = ¢o(p*,m)((1—T)e+pT)
b = ¢(p",m)((1L—7)e+p"T)

where ¢1(p®, ), ¢2(p* ) and ¢,(p?, m) are between zero and one. Then we can find the

demand for annuity

a ) ¢a(pa7ﬂ-)((1 —T)€+paT) -T if m Zﬂa
77T7T -
0 Otherwise

where ¢,(p*, ) = ¢1(p®, m) — dp(p®, 7). I have already shown that annuity purchase is an

increasing function of type, therefore

0y,
0
on ”
also using T' = S[T:] we can show
da " Ap® Ae
E - ¢a(p 77r)(_€ + E[ﬂ'] 6) - E[ﬂ']
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A
= —6u(p" e — o (1 — P a(p", ) < 0

Elr]

Also we can determine the sign of the following cross derivative

*a  0¢, (p*Ae
orom ~ Or (E[ﬂ'] _6> >0

where the last inequality follows from Ap® > E[r|, which was established before.
Next consider the price equation (7). Let’s define the function h(p®,7) as
Eq[ra(p®, 7, T)

@ N 7))
W“”*A&Mm%ﬂ|

™
™

Note that since we assume 7 < 7* the aggregate demand for annuity is positive and the

Oh(r™"7) - (). But note first that

above expression is well defined. The goal is to show that =

OEz[a(p,m,7)|m > m,(p*, 7)] om, (p*,7) da
- 4 * 7 a a - > a
o 5 AP 10, 7), 7) + Exlo|m 2 m, (", 7))
da
= EI—|r > @
W[aT‘ﬂ- —Ea<p ?7_)]

where the last equality is true because by definition a(p®, 7, (p®, 7),7) = 0. Similarly we have

OB [ma(p®, 7, 7)|m > 7, (p°, T)] da a
— — >
87_ Eﬂ'[ﬂ-aT ”N — Ea(p 77—)]

Now we can determine the sign of the derivative

ah(pa*’ 7_) B Eﬂ'zﬁa(paﬂ') [W%]EWZLI(IW,T) [a(p“, T, 7')] - Eﬂ.zﬂa(paﬂ.) [%]Eﬂ.zﬂa(paﬂ.) [ﬂa(p“, T, T)]
or A(Erla(pt,m,7)|m = 4 (p%,7)])?

Ersr o) TG = Brsx (oo ) [G2] AR(D™, T)
AE[a(p®, m,7)|m > 7, (p®, T)]
Ersr po.nl(m — Ah(p™, 7)) 92]
AEq[a(p®, 7, 7)|T > 7, (p%, T)]
E?TZEG(]?“,T) [%] Eﬂ'Zﬂa(pa,T) [7T - Ah(pa*’ T)]
AEqla(p®, 7, 7)|T > m,(p*, T)]
CovVasr (pa,r) [(m — Ah(p™*, 7'))%]
AE[a(p, 7, 7)|m > 7, (p2, 7))

>0

The last inequality is true because the first term in the numerator is the product of two
negative terms (92 < 0 is shown above and E;sx (e [T — Ah(p™,7)] < 0 follows from

the earlier lemma and was established in the proof of the market-structure theorem). The
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covariance term is positive because (m — Ah(p®*, 7)) is positively correlated with 7 and since

0%a

55- > 0, the two terms are positively correlated.

Therefore, h(p®, ) is an increasing function of 7 at equilibrium price. Therefore, the equi-

librium must increase with 7.
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